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Note

A proof of the triangle inequality for the
Tanimoto distance
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A distance, or dissimilarity measure, can be defined based on the Tanimoto coefficient,
a similarity measure widely applied to chemical structures. A new, simple proof that this
distance setisfies the triangle inequaity is presented.

The clustering and similarity searching of large chemical structure files are well-
established techniques [7,8]. Both require a sufficiently rapid method for calculating
the similarity between two structures. The method most commonly used is to represent
each structure by a vector in which every entry corresponds to some structural feature;
the value of an entry is nonzero only if the corresponding feature is present in the
structure. The value generally used is 1, in which case the vectors are binary (bit)
vectors, but sometimes different values are used for different features to give greater
weight to features deemed more important. The calculation of similarity between two
structures is then a matter of quantifying, by some appropriate measure, the similarity
between their respective vectors. The most widely used similarity measure for this
purpose is the Tanimoto coefficient [6,8].

Consider a set of vectors of the form X; = (z1, zi2, . . ., zin), Where x;;, is either
0 or wy, a positive weight assigned to the kth entry (note that this weight does not
depend upon ¢, meaning it is the same for al vectors). The Tanimoto coefficient for a
pair of such vectors, X,, and X,,, is

an

S — ]
e Xmm + Xnn - an

1)

where X;; = X; - X;. The value of S,,,, ranges from O to 1. When w;, = 1 for dl k,
X and X,, are bit vectors, and S,,,,, equals the number of bits “on” in both vectors
divided by the number of bits “on” in either vector (for the case of bit vectors, S,
is aso known as the Jaccard coefficient [2,8]).

It is often useful to define a distance, or dissimilarity measure, based on the
Tanimoto coefficient. The Tanimoto distance is D,,, = 1 — S,,, (for bit vectors
only, this quantity is identica to the so-called Soergel distance [2,8]). A significant
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mathematical property of the Tanimoto distance isthat it satisfies the triangle, or metric,
inequdlity, i.e.,

Dab + Dbc 2 Dac (2)

for any three vectors, X,, X, and X,, in which the kth entries are either O or w;, as pre-
vioudly described (eguation (2) is not necessarily satisfied for three arbitrary vectors).
The triangle inequality is satisfied by a number of other dissimilarity measures [2,8]. It
ensures the desirable property that any two vectors having low dissimilarity to a third
vector will have low dissimilarity to each other. It also can be used as the basis for
heuristics to improve search efficiency [1,3,4]. A proof of equation (2) has been given
by Spath [5]. Presented here isa simpler proof that proceeds by atotally different argu-
ment. This proof, unlike that due to Spath, does not demonstrate equation (2) directly
but demonstrates instead the corresponding inequality for the Tanimoto similarities
Sab1 Sac, and Sbc-

Equation (2) is satisfied at once if S, < Sge OF Spe < Sqce because these rdla
tions imply D, > D,. and Dy. > D,., respectively. It is thus necessary to prove
equation (2) only for the case in which S, > S, and Sp. > S,c. A rearrangement of
equation (1) that is useful in this proof is

S,

an:iXmm Xnn)- 3
(X + o) ©

It can be seen that the inequality
(Xp = Xa) - (Xp = X) =0
or
Xop — Xpe — Xap + Xae =20 4

must be true since the product of the kth entries of X, — X, and X, — X. equals either
Oor wi. Equation (3) can be applied to equation (4) to give

Sab Sbc
1- — X
( 1+ Sap 1+Sbc> b
Sab Sac Sbc Sac
2 - Xaa - ch- 5
<1+Sab 1+Sac> +<1+Sbc 1+Sac> ©

By applying equation (3) to the self-evident inequality X,, > X, it is found that
Xoa = SapXpp. It is thus valid to write

( Sab Sac >Xaa Z Sab( Sab Sac >Xbb1 (6)

14+ Ssp 1+ Sae 14+ Ssp 14 Sae
since Sy, — Sy > 0 by assumption. An analogous argument leads to

She Sac She Sac
— Xee 2 Spe — Xop- 7
<1+Sbc 1+Sac> Sb <1+Sbc 1+Sac> o ( )
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Equations (5)—(7) imply that

Sab Sbc
1- — X
< 1+Sab 1+Sbc> v
Sab Sac Sbc Sac
> S, _ X . — Xpp. 8
Sb<1+5ab 1+Sac> bb+Sb <1+Sbc 1+SLIC> " ()

It can be assumed that X3, is not zero (equation (2) is automatically satisfied otherwise).
Canceling Xy, in egquation (8) and grouping terms with like denominator gives

Sab+53b n Sbc+Sgc g <Sab+5bc>

1>
14+ Su 1+ Spe 1+ See

or
1+ Sac > Sab + Sbc- (9)

Equation (9) yields equation (2) when the Tanimoto similarities are expressed in terms
of Tanimoto distances according to the relation S, = 1 — Dpyp,.
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